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Technical Notes.
Influence of Boundary Conditions on
Stability of Thin- Walled Cylindrical

Shells under Axial Load and Internal
Pressure
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differential operator
radial buckling displacements
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Introduction

AT the Gesellschaft fiir Angewandte Mathematik und
Mechanik (GAMM) meeting in April 1962, the author1

reported for the first time on the dependence of buckling loads
of thin-walled cylindrical shells on boundary conditions that
hitherto had been neglected. The critical axial loads for a
simply supported shell found in theory corresponded well to
the results concerning higher internal pressure that had been
obtained by experiment. The correspondence was not as good
for low internal pressure because, in that case, the influence of
initial deformations is considerable, and the test cylinders
produced hitherto differed largely from the ideal form.

Since the shells produced by industry are normally imper-
fect, the theory of the ideal shells could not be of any practical
use. Therefore, at first we did not intend to make any further
investigations as to the results already published in Ref. 2.
Instead we started with investigations on the buckling loads of
imperfect shells.

In October 1962, Stein3 reported about his work on buckling
loads of imperfect shells at the NASA Symposium on Insta-
bility of Shell Structures. He had gained very different re-
sults for other boundary conditions. During 1963, the
theoretical buckling loads given in Refs. 1 and 2 were con-
firmed by a series of experimental works (e.g., Refs. 4-7), which
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had succeeded in producing nearly perfect shells. This is the
reason for resuming the calculation and for studying the con-
dition of clamped edges and the influence of parameters, too.

Analysis
The deduction of the eigenvalue equation for a shell with

clamped edges is in absolute analogy to Ref. 2. The large-
deflection state of a shell is described by Maguerre's basic
differential equations

DAAw = d?/2 bx2 d?/2

R cte2 P
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Et * " d?/2 Rdx2

The boundary conditions for an axially loaded cylindrical shell
with clamped edges and prevented radial edge-displacements
are

w = 0 ~dw/bx = 0

= -N (2)
The nondimensional solution co of the given boundary-value
problem for the prebuckling state is the known axisymmetric
form

w - /o(f) = -2(rN + p) X
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with the integration constants

_ (1 - N)112 coshai sina2 + (1 +N)l/2 sinhai cos a2

(1 — N)112 cosa2 sina2 + (1 + A01/2 sinhai coshai
(4)

(1 — N)112 sinhai cosa2 — (1 + N)112 coshai sina2

°* (1 - N)112 sina2 cosa2 + (1 + N)1/2

where a\ and a2 are

i sihax

a, = i[x(l + N)]V2(L/(4irR)
In order to get the buckling load we have to introduce

(5)

into the basic equations. Assuming the functions fn and gn
to be small and neglecting the terms of the second order, we
obtain the homogeneous system

M[fn] = fnIV ~ 2fn» + fn = \n [ ~ (2/ x

gn" - 2N(fn" -
(6)

M[gn] = gn
iv - 2gn"
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Fig. 3 Comparison between minimum buckling loads
-/Verminvs internal pressure p and experiment.

Fig. 1 Buckling loads JVcr vs cylinder length A.

The homogeneous boundary conditions (the inhomogeneous
boundary conditions (2) are satisfied by the axisymmetrical
form) are

A = o

9n = 0 g«" = 0
(7)

This eigenvalue [Eqs. (6) and (7) ] problem is solved by a finite
difference method. By means of finite forms, the system of
differential equations may be converted into a system of alge-
braic equations, the coefficient determinant of which has to be
zero:

det[A + 2NB + (B- ~ W,)] = 0 (8)

The numerical solution of the eigenvalue problem was com-
puted on an IBM 1620.

Discussion

The nondimensional, homogeneous, differential equations,
Eq. (6), contain the following three parameters, the influence
of which on the buckling loads shall be investigated as follows:
In the nonconstant coefficients, which are/0, (l/#)(d2/oA>£2),
respectively, according to Eqs. (3) and (4), 1) the nondimen-
sional length X = L[3(l — v2)]1/4/Rt in the integration
constants C\ and C»; 2) the quotient R/t in the arguments of
the trigonometric functions; and 3) on the right sides of the
system (6), the factor Xn ̂  R/tn2.

In Fig. 1 the critical loads NCT of a clamped and a simply
supported cylinder are plotted vs nondimensional length X for

simply supported edges

different wave numbers and const R/t = 500. For very
short cylinders the dependence of NGrjn) on length is the
greatest. From a certain length X0, the NCT(n) are independent
from X, as the axisymmetrical deformations caused by the
prevented edge-displacement fade from the edge and cannot
influence each other any longer. This value X0 can be easily
estimated as follows. The factor D expressing the damping
of the axisymmetric deformation /0 is

with

In the middle line of the cylinder (£ = 0) this factor is

5(0) = e~ V2x(i-AOV2

If we insert, for the clamp_ed and simply supported cylinders,
the median critical load NCT = 0.92 and NOT = 0.85, respec-
tively, and suppose the influence of the edge nearly disappears
(as soon as D is TTTO~Q °f its edge-value), we obtain

50 X0 « 35

Fig. 2 Minimum buckling loads NCrm-in vs ratio R/t.

in adequate correspondence with the results given in J?ig. 1.
It is also found that, in contrast to the buckling loads Ncrj the
minimum critical load ^V"crmin for the lengths of cylinders X >
20 is practically independent from X.

Figure 2 shows the dependence of the minimum critical
load ^VCrmin from the quotient R/t For Xn, a nearly constant
value for the whole interval results, i.e., R/t growing enlarges
the number of circumference waves. Figure 3 is a supplement
to Fig. 9 of Ref. 2. For various internal pressures, the mini-
mum critical buckling loads -/V"crmin for a cylinder (R/t = 800,
L/R = 0.865) with clamped and simply supported edges
were computed. As these buckling loads ^VCrmin are nearly in-
dependent from the geometrical parameters X(X > 20) and
R/t shown in Figs. 1 and 2, these results are valid for cylinders
with different geometrical dates, too. Last year's test results
are plotted in Fig. 3.
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Normal Spectral Emissivity of Isotropic
and Anisotropic Materials
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THE effects of crystallographic orientation, at or near the
surface, upon the emission of radiant energy have not been

sufficiently studied. The current investigation is being made
on a number of isotropic and anisotropic materials. The re-
sults for high-purity single crystal nickel and pyrolytic graph-
ite are discussed herein. The high anisotropy of pyrolytic
graphite allows one to readily examine the orientation effect
upon enx, the normal spectral emissivity. The "ity" ending
is used because the specimen surfaces are highly polished and
the materials are of excellent purity and soundness. The
available literature indicates that very little investigation has
been made of the normal spectral emissivity of single crystal
nickel, pyrolytic graphite, and polycrystalline graphite in the
near infrared region of the electromagnetic spectrum.

A schematic of the experimental apparatus employed is
shown in Fig. 1. Four specimens can be embedded in the top
of a high-purity and dense graphite block with good thermal
contact. The blackbody cavity is a drilled hole in this
graphite block of depth to diameter ratio of 6.75. Any one of
the specimens or the blackbody cavity can be aligned with the
water-cooled sight tube by rotating the control rod. Meas-
urements are made sequentially by pulling up the graphite
block to within about 0.050 in. from the end of the sight tube.
That is, after each reading of a specimen or the blackbody,
the graphite block is lowered to the uniform hot zone. The
radiant energy is focused into the monochromator entrance
slits by means of a spherical and a plane mirror. The same
optical path is used for all specimens and the blackbody
cavity.

With the specimen in the down position, at equilibrium
temperature, the recorded millivolt level represents reflected
and extraneous radiation as well as that emitted by the
specimen. As the specimen is drawn up to the sight tube, a
sharp decrease is recorded, until the radiant energy emitted
by the specimen alone is obtained. The trace is linear be-
tween these points for about 3 sec, after which the slope de-
viates from linearity, representing the cooling of the speci-
men. The possible error due to radiant energy from the
furnace tube walls is kept to a minimum by maintaining the
smallest gap feasible without contact. Since the blackbody
cavity reflects essentially no radiation, the change in its milli-
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Fig. 1 Furnace schematic.

volt level is small (<0.10 mv) compared to a specimen
(>1.0 mv) as the cavity is drawn up to the sight tube. The
normal spectral emissivity of the specimen is the ratio of the
millivolt reading of the specimen to that of the blackbody
cavity for the same wavelength setting on the monochromator
drum.

This technique has four desirable features: 1) the black-
body cavity and all specimens are as one unit under the same
heating conditions; 2) the same optical path is used for the
blackbody cavity and all specimens; 3) the measurements are
strictly relative to the well-defined blackbody cavity; and 4)
the optics employed are relatively simple. Whereas other
techniques1 may permit smaller errors of absolute measure-
ment of emissivity, the method employed here allows for ex-
cellent comparative measurements on specimens of different
crystallographic orientation. Normal spectral emissivity
data for polycrystalline and single crystal nickel, pyrolytic
graphite, and polycrystalline graphite are compared in Figs.
2-4. Data for these and other materials at temperatures
down to 800°C have also been obtained.

The pyrolytic graphite is a Supertemp material formed at
about 2150° C to a thickness of about 0.375 in. The poly-
crystalline nickel is the high-purity 270 grade (Huntington
Alloy Products Division). The single crystal nickel (0.750-in.
diam) was grown from the 270 grade by B. F. Addis in J. L.
Gregg's Crystal Growing Laboratory at Cornell University.
The measurements were performed in a hydrogen atmos-
phere to prevent any surface changes due to oxidation and the
anomalous surface effects observed in vacuum or "neutral"
gases. Photomicrographs (up to 1000X), interference
photographs and x ray, back-reflection, and transmission
Laue patterns were taken of all the specimens before and after
the experiments to check the orientations and surface changes.
In the results reported here, the specimens showed no evi-
dence of orientation or surface changes.

The data on polycrystalline nickel compares favorably
with the published results of Hurst,2 Seban,3 Ward,4 Price,5
and Reid6 (Fig. 2). For polycrystalline nickel, there is agree-


